Abstract. Hypercomplex structures on Courant algebroids unify holomorphic symplectic structures and usual hypercomplex structures. In this note, we prove the equivalence of two characterizations of hypercomplex structures on Courant algebroids, one in terms of Nĳenhuis concomitants and the other in terms of (almost) torsionfree connections for which each of the three complex structures is parallel.
Let (E → M, ρ, , , •) be a Courant algebroid. Given two endomorphisms F and G of the vector bundle E, the relation
where X, Y ∈ Γ(E), defines a (2,1)-tensor N (F, G) : E ⊗ E → E called Nĳenhuis concomitant.
Obviously, N (F, G) = N (G, F ).
Lemma 2.
If (I, J , K) is an almost hypercomplex structure on a Courant algebroid E, then N (I, J)(X, Y ) + N (I, J )(Y, X) = 0 for all X, Y ∈ Γ(E).
Definition 3.
A hypercomplex structure on a Courant algebroid E is an almost hypercomplex structure (I, J , K) such that the six Nĳenhuis concomitants
Remark 4.
Let (E → M, ρ, , , •) be a Courant algebroid and let I and J be two endomorphisms of E such that: I 2 = J 2 = −1; I and J anticommute; both I and J are orthogonal w.r.t. the pairing , ; and the three Nĳenhuis concomitants N (I, I), N (J , J ) and N (I, J ) vanish. Then it is easy to check that the triple (I, J, IJ ) is a hypercomplex structure on the Courant algebroid. This is the way Bredthauer originally defined hypercomplex structures in [1] . See also [3] .
It is clear that
and
Its torsion
The purpose of this note is to establish the following result. 
and, for all X, Y ∈ Γ(E),
(e) There exists a hypercomplex connection satisfying (13) and (14); it is unique and given by
The remainder of this note is devoted to the proof of this theorem. Straightforward computations lead to the first two lemmas below, of which the former is a generalization of Theorem 1.1 in [7] .
Lemma 8. Given an almost hypercomplex structure (I, J , K), the relation
defines a hypercomplex connection. Permuting I, J and K cyclically in (15), we obtain two other hypercomplex connections:
Lemma 9. Given an almost hypercomplex structure (I, J , K), the hypercomplex connection (15) satisfies
Corollary 10. Let (I, J , K) be an almost hypercomplex structure on a Courant algebroid E. If N (I, J) = 0, then the hypercomplex connection (15) satisfies (13) and (14).
Proof. We always have ∇J = 0 by (18). Since N (I, J) = 0, (19) implies that ∇I = 0. And it follows from K = IJ that
Thus (13) is proved and (14) follows immediately from (20) and the relation x • y = x, y + D x, y .
Lemma 11. Given an almost hypercomplex structure (I, J, K), there exists at most one hypercomplex connection satisfying (13) and (14).
Proof. Assume there exist two such hypercomplex connections
and from (14) that Ξ(X, Y ) = Ξ(Y, X). Therefore
Hence Ξ(X, X) = 0 for all X ∈ Γ(E) and, consequently,
Lemma 12. Given an almost hypercomplex structure (I, J , K), if there exists a hypercomplex connection satisfying (13) and (14), then N (I, J ) = 0.
Proof. From (14), it follows that
This relation can be used to evaluate each of the terms of N (I, J). It follows from (13), the quaternionic relations (7), and the orthogonality of the endomorphisms I, J and K w.r.t. the pairing that N (I, J ) vanishes. 
The proof is a lengthy computation similar to that of [6, Theorem 3.1] . It is omitted.
(ii)⇒(iii) For any pair of elements P, Q in {I, J , K}, we can evaluate the Nĳenhuis concomitant
by successively making use of: primo relation (20) to get rid of all the Dorfman brackets in the r.h.s. of (21); secondo (13) and the quaternionic relations (7) to cancel all terms involving ∇; terzo (7) and the orthogonality of I, J and K w.r.t. the pairing to cancel all remaining terms. is hypercomplex on T X ⊕T * X if and only if ω 1 +iω 2 ∈ Ω 2 C (X) is a holomorphic symplectic structure on X. Theorem 7 has interesting consequences in this case, which we will discuss somewhere else.
